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Sir dung bdt dang thire C6 - Si trong gidi todn THCS

MO PAU
FYREIEVS
l. Ly do chon dé tai

Toan hoc néi chung va toan hoc pho thong néi riéng da giup ngudi hoc,
ngudi nghién ciru n6 cd duoc kién thire, tu duy logic va kha ning suy luan. Dbi véi
nhiing hoc sinh trung hoc co s&, toan hoc da hinh thanh cho cadc em nhiing kién
thtrc co' s& ban dau, nhiing kién thirc co ban nhét cta toan hoc hién dai. Qua nhirng
bai hoc, nhitng van dé toan cing véi nhitng cach thirc suy luan da gitip cac em hinh

thanh tu duy toan hoc.

Toan hoc so cap c6 1& 13 mang toan hoc doi hoi tri thong minh, oc tu duy linh hoat
ctia ngudi hoc, trong d6 bat dang thirc 13 van dé hay va kho. Tir céc 16p trung hoc
co s&, hoc sinh dugc gidi thiéu mdt cach co ban nhat vé bat déng thirc, phuong
phép chimg minh bt dang thirc. Va hau hét nhitng nguoi da hoc bat dang thuc, ai
cling biét vé mot bat dang thirc kinh dién, noi tiéng: bat dang thirc Co-si. Nhung
mét thuc té chung ddi v&i hoc sinh phé thong 1a vi¢c van dung bat déng thac CO -
si vdo giai toan gip rat nhiéu khé khin. Kho khan dau tién 13 khong biét cach sir
dung bat dang thirc C6 - si. Kho khin tht hai 1a khong biét bat dang thirc C6 - Si €6
thé tmg dung vao viéc giai nhitng dang toan nao? Chinh vi vy, dé gitip cac em hoc
sinh c6 thé khic phuc phan nao nhitng kho khan trén, toi viét dé tai ** Si dung bat

ddng thirc C6 - Si trong gidi todn trung hoc co sé"
I1. Nhiém vu, muc dich cua deé tai

Dé tai " Sir dung bt ding thirc Co - si trong gidi todn THCS" sé& gi6i thiéu
dén voi hoc sinh vé bat dang thirc C6 - si; nhitng k¥ thuat sir dung bat dang thirc
Co-si va viéc sir dung bat dang thirc C6-si trong giai todan THCS.

Pé tai duogc viét theo cach thirc 1y thuyét di kém v&i vi du minh hoa. Bén

canh viéc cung cép, tong két nhimg cach str dung bat dang thire C6 - si, dé tai con
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Sir dung bdt dang thire C6 - Si trong gidi todn THCS
gi61 thiéu nhitng bai todn minh hoa, dac bi€t 1a nhitng bai toan hoc sinh thuong gap

vé bat dang thirc, cuc tri dai sO, cuc tr1 hinh hoc.

I11. Pham vi cta de tai

V&1 hoc sinh trung hoc co s, 16p 8 cadc em mdi duoc gidi thidu va tiép can
v6i bat dang thirc néi chung va bat dang thirc C6 -si néi riéng. Vi vay, dé tai ** S
dung bit ding thirc Cé - si trong gidi todn THCS" hudng tdi viée giup cho hoc
sinh 16p 8; 16p 9 ¢6 dugc nhiing kién thirc vé bat dang thirc Co-si; cach sir dung bat
dang thic Co - si trong giai toan trung hoc co s, tir d6 giup cho cac em phat trién

tu duy vé bat dang thirc, dit nén mong cho cac cap d6 16n hon sau nay.

IV. Péi twong nghién ciru va phwong phap tién hanh

Pé tai tap trung nghién ctru vé bat dang thic Co-si. Trén co sé nhitng kién
thirc co ban vé dang bat dang thire, tong két mot ki thuat thudng dung; gidi thiéu
mot sd ing dung ctia bat dang thirc C6 - si trong giai toan trung hoc co s6.

Phuong phap chil yéu cua dé tai 1a phuong phap nghién ctru va tong két kinh
nghiém trong thuc té giang day.
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1. NHUNG QUY TAC CHUNG TRONG CHUNG MINH BAT
PANG THUC SU DUNG BAT PANG THUC CO SI

Quy tic song hanh: hau hét cac BPT déu co tinh d6i xtimg do d6 viéc st
dung cac chimg minh mét cich song hanh, tuan tu sé gitp ta hinh dung ra dugc két
qua nhanh chong va dinh hudng cach giad nhanh hon.

Quy tic diau bing: ddu bang “ = trong BPT la rat quan trong. N6 gitp ta
kiém tra tinh dung dan cta chimg minh. N6 dinh huéng cho ta phuong phap giai,
dua vao diém roi cia BDT. Chinh vi vay ma khi day cho hoc sinh ta rén luyén cho
hoc sinh c6 thoi quen tim diéu kién xay ra ddu bang mic du trong cac ki thi hoc
sinh c6 thé khong trinh by phan nay. Ta thdy duoc wu diém ctia ddu bang dic biét
trong phuong phap diém roi va phuong phap tach nghich dao trong k¥ thuét sir
dung BDT Co6 Si.

Quy tic vé tinh dong thoi ciia dau bang: khong chi hoc sinh ma ngay ca
mot sd gido vién khi mdi nghién ctru va chimg minh BDT ciing thuong rat hay mac
sai 1dam nay. Ap dung lién tiép hoic song hanh cac BDT nhung khong cha ¥ dén
diém roi ctia ddu bang. Mot nguyén tic khi 4p dung song hanh cac BPT 1a diém
roi phai dugc dong thoi xay ra, nghia 1a cac diu “ = ” phai duoc cung dugc thoa
man véi cung mat diéu kién cua bién.

Quy tic bién: Co so cta quy tic bién nay 1a cac bai toan quy hoach tuyén
tinh, cac bai toan tdi wu, cac bai toan cuc tri ¢6 diéu kién rang budc, gia tri 16n nhat
nho nhat ctia ham nhiéu bién trén mot mién dong. Ta biét rang cac gia tri 16n nhat,
nho nhit thuong xay ra & cac vi tri bién va cac dinh nam trén bién.

Quy tic ddi xirng: cac BDT thuong co tinh d6i xtng vay thi vai tro cta cac
bién trong BDT 1a nhu nhau do d6 ddu “ =  thuong xdy ra tai vi tri cic bién d6
bang nhau. Néu bai toan c6 gan hé diéu kién d6i xing thi ta c6 thé chi ra dau “ ="

xay ra khi cac bién bang nhau va mang mot gia tri cu the.
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Sir dung bdt dang thire C6 - Si trong gidi todn THCS
Chiéu ctia BPT : “ >, “ < ” ciing s& gitp ta dinh hudéng duoc cach chimg minh:

danh gid tor TBC sang TBN va nguoc lai
Trén 14 5 quy tic s& gitp ta c6 dinh hudéng dé ching minh BT, hoc sinh sé& thuc

sy hiéu dugc cac quy tac trén qua cac vi du va binh luan & phan sau.
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2. BAT PANG THUC CO - SI

(CAUCHY)
1. Dang tong quat (n $6): VX1, X2, X3 ........ Xn >0 ta co:
e Dang 1- X1+X2+ ...... Xn > n\/xl X2 ........... X
n
e Dang 2: X+ X v Xy 2N X Xy X
e Dang 3: (X1+X2r41r """ X”j > X Kyeerrereenns Xq
Dau =" xay ra khi va chi khi: X, =X, =........... = Xp
Hé qua 1
y _ SY
Neu: X +X, ot Xy =S=coOnst thi: Max(P=XX,.ooower. X“):(HJ
: S
khl X1:X2: ............ :Xn:ﬁ
Hé qua 2
NEu: X Xuoorrrrrrrrnnns X, =P =const thi: Min(S:Xl+X2 ......... +x2)=nW
Kni X, =X, =..ovvenne =%, =YP
2. Dang cu thé (2 sd,3sd):
n=2:V X, y>0khido: n=3:V XY, z>0khi do:
21 Y XYL
2.2 X+Yy>2,/xy X+Yy+2>3 3[xyz
2 3
2.3 (MJ > Xy [x+y+z} > Xyz
2 3
2.4 (x+y)224xy (x+y+z)3227xyz
2.5 1+l2i 1+1+12 9
X Yy X+y X Yy 7 X+y+Z
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26 1, 4 19 4

XY (x+y)’ W2 (x+y+z)

Binh luin:

e Dé hoc sinh dé& nhé, ta néi: Trung binh cong (TBC) > Trung binh nhan (TBN).
e Dang 2 va dang 3 khi dit canh nhau c6 vé tam thuong nhung lai giup ta nhan
dang khi sir dung BDT Co6 Si: (3) danh gia tir TBN sang TBC khi khong c6

ca can thuec.
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3. CAC KY THUAT SU DUNG BPT CO - Sl

3.1 Panh gia tir trung binh cfng sang trung binh nhan.

Panh gia tir TBC sang TBN 1a danh gia BDT theo chiéu “ > ”. Panh gi tir tong

sang tich.

Bai 1: Ching minh rang: (a"- +b2)(b2 +C2)(C2 +a2)2 8a’b*c* wva,b,c
Sai 1am thwong gip:

Stir dung: V X, y thi X% - 2xy +y? = (X-y)?> 0 < x? + y? >2xy. Do dé:

a’+b*>2ab
b2+c*>2bc = (a2 +b2)(b2 +c2)(c2 +a2) >8a’h’c® Va,b,c (Sai)
c’+a*>2ca
2>-2
Vidu: 3>-5 = 24=23.4>(-2)(-5).3=30 (Sai)
4> 3
Loi giai dung:

Str dung BDT C6 Si: x%+y? >2,/x*y* = 2|xy| ta co:
a’+b” > 2|ab| >0
b? +¢? > 2| >0 :>(a2 +b2)(b2 +cz)(c2 +a2)28| a2b2c?|=8a%?c? Va,b,c (Pung
c’+a’>2|ca|>0

)

Binh luén:

e Chi nhén cac vé cua BDT cung chiéu ( két qua dugc BPT cung chiéu) khi va
chi khi cac vé cung khong am.

e Canchayring: x?>+y? >2,/Xy? = 2[xy| vix, y khong biét am hay duong.

e NOoi chung ta it gdp bai toan st dung ngay BDT C6 Si nhu bai toan noéi trén ma
phai qua mot va phép bién ddi dén tinh hubng thich hop rdi méi st dung BDT
Co Si.
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Sir dung bdt dang thire C6 - Si trong gidi todn THCS
e Trong bai toan trén déu “ > = danh gia tir TBC sang TBN. 8 =2.2.2 goi ¥

dén viéc sir dung bat dang thirc Co-si cho 2 sd, 3 cap sb.

Bai 2 : Ching minh ring: (\/5+\/6)8 >64ab(a+b)> Vab>0

Giai

(\/5+\/5)8 = [(«/5%/5)14 = [(a+b)+ 2@}4 S [ZWT = 2“.22.ab.(a+b)2 -
=64ab(a+hb)?
Bai 3: Chimg minh rang: (1 +a+b)a+b+ab)>9ab Vv a, b>0.

Tacd: (1+a+bh)(a+b+ab)>3¥.ab. 3.3ab.ab=9ab

Binh luén:

e 9=13.3goiy st dung CO-si cho ba sd, 2 cip. Mbi bién a, b dugc xuat hién ba

lan, vay khi stt dung C6 Si cho ba sb s& khir duoc can thic cho céc bién do.

Bai 4: Chung minh rang: 3a+ 7b®>9ab?V a,b>0
Giai
Cosi

Taco: 3a%+ 7h3> 3a%+6b%=3a% +30% + 30° = 3%3adp? = oan?

Binh luin:

e 9ab?=9.ab.b = goiy dén viéc tach hang tir 7b° thanh hai hang tir chira b® dé
khi 4p dung BDT Co-si ta c6 b Khi di c6 dinh hudng nhu trén thi viéc tach
céc hé sd khong c6 gi kho khan.

a,b,c,d>0 1
Bai5: Cho: < 1 1 1 1 >3 CMR: abcd 38—1
Tra 14b 1tc 1+d°

Tir gia thiét suy ra:
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Sir dung bdt dang thire C6 - Si trong gidi todn THCS

1 1 1 1 \_ b c d coi bed
1—2(1 1+b]+(1‘mJ+(1‘1+dj‘ 140 Trc T 1rd © 3?\’/(1+b)(1+c)(1+d)

(1+b)(1bfi)(1+d) >0

cda

reitd)ive 2O:> 1 >81 abcd
(1 d)(fca)(l )20 (1+a)(1+b)(I+c)1+d) ™ (L+a)(l+b)(l+c)(l+d)

abc S
(1+a)(1+b)(1+c) -

v

3

v

3

v

3

— - — .§>
‘H +‘|—\ +‘|—‘ +‘H <
o o <) i

>3

-

+

o
&_

l
= <—

Bai todn tong qudt 1:
Cho:

1,1 .1 L1 CMR: XX Xjriurine X, <
1+x 1+x, 1+X 1+X

Binh luan:

e DO4i voi nhitng bai todn c6 di€u kién 1a céc biéu thirc doi xing cua bién thi vige
bién doi dicu kién mang tinh doi ximg s€ giup ta xur li cac bai toan chirmg minh

BDPT dé dang hon

.. a,b,c>0 1 1 1
- . - _ - - _ >
Bai 6: Cho {a+b+c:1 CMR: [a J{b j(c 1j_8 (1)

Giai

1-al-b1-c b+c c+a a+b S 2/bc 2Jca 2Jab

VT(l)abca'bc_abc

=8 (dpcm)

Bai todn téong qudt 2:
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Sir dung bdt dang thire C6 - Si trong gidi todn THCS

Cho:

{Xl’ Xor K >0 cvr: (1—1][1— ][1— ] ........ (l—lJz(n_l)“
X A X, & Xy ot Xy = X 0%, X X,

Bai 7: CMR:

°n 2

(1+ a+g+c] 2(1+a)(l+b)(1+c)2(l+§/ﬁ)3[§8\/ﬁ va,b,c>0

—_

Giai

3
Ta co: £1+a+b+c]3 :[(l+a)+(l+b)+(l+c)} ¢ (1+a)(L+b)(1+c) (1)

3 3

Taco: (1+ a)(1+ b)(1+ c) =[1+(ab+bc+ca)+(a+b+c)+abc}

osi 3
= (1+ 3Ya’b’c? +3¥abc +abc) :(1+\3/abc) (2)
] 3 3 Cosi 3 3
Ta co: (1+\/abc) > (2 1.\/ach —8+abc (3)
Dau“="(l)xayra< l+a=1+b=1+c=a=b=c
Dau“="(2)xayra<>ab=bc=cavaa=b=c<a=b=c

Diu“="(3) xay ra < 3Jabc=1<abc=1
Bai todn tong qudt 3:

Cho Xg, X2, Xs,....... , Xn>0. CMR:

15 S ()R 22

Binh luén:

e Bai toan tong quat trén thudng duoc st dung cho 3 sd, ap dung cho cac bai
toan vé BDT lugng giac trong tam giac sau nay.

e Trong céac bai toan c6 diéu kién rang budc viée xir li cac diéu kién mang tinh
ddng bod va dbi xtmg 13 rat quan trong, gitp ta dinh huéng duge hudng ching

minh BDT dung hay sai.

Trong viéc danh gid tir TBC sang TBN c6 mdt k¥ thudt nhé hay dugc sir dung. D6

14 ki thuat tach nghich dao.
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3.2 KY¥ thuat tach nghich dio.

Bai 1: CMR: %+222 vab>0
Giai
Ta co: §+9 CgSi 2 §9:2
' b a b a
2
Bai 2: CMR: a7+2 55  vacR
a’+1
Giai
) a2+2 (a*+1)+1 1 cosi \/ 1
Ta co: = =Ja’+1+ > 2 |Ja*+1 =2
Jaz+1 Jaz+1 Jaz+1 az+1
. 1
Dau “="xayra< Ja’+1l= s a‘t+l=1<a=0
g vai+1l
Bai 3: CMR: a+ 1 >3 Ya>b>0
b(a—b)
Giai

Ta c6 nhan xét: b + a — b = a khong phu thudc vao bién b do do hang tu dau a s&

duoc phan tich nhu sau:

1 _ B 1 Cosi B 1 _
a+b(a_b)—b+(a b)+b(a—b) > Si/b.(a b)'b(a—b) 3 Va>b>0
Déu“Z”xéyrasz(a—b):ﬁ<:>a:2vé\b:1.
Bai4:CMR:  a+— % >3 vasb>0 (1)

2
(a—b)(b+1)
Giai
Vi hang tir dau chi c6 a cin phai thém bt dé tach thanh cac hang tir sau khi
str dung BDT s& rat gon cho céc thira s6 dudi mau. Tuy nhién biéu thirc dudi mau

c6 dang (a—b)(b +1)2 (thira s6 thtr nhit 1a mot da thirc bac nhit b, thira sb 2 13 mot

Nguyén Cao Cuong - THCS Thai Thinh — Qudn Pong Pa— TP. HaNgi 14



Sir dung bdt dang thire C6 - Si trong gidi todn THCS
thirc bac hai cta b) do d6 ta phai phan tich vé thanh tich cta cac da thirc bac nhat

d6i v6i b, khi d6 ta c6 thé tach hang tir a thanh tong cac hang tir 1a cac thira sb cua
mau.
Vay ta co: (a—b)(b+1)2 = (a-b)(b+ 1)( b+ 1) = ta phan tich a theo 2 cach sau:

b+1 b+1

2a+2=2(@-b)+(b+1)+(b+1) hoica+l= (a b) St

Tur d6 ta ¢6 (1) twong duong :

4 b+1 b+1 4
VT +1=a+1+ a—b)+ +
(a—b)(b+1) ~(a-b)« 2 2 (a-b)(b+1)(b+1)
Cosi b+1 b+1 4
> 4,(a-b — 4 = PPCM
‘J(a )72 2 (a-b)o+1)b+y)
1
a>=
Bai 5: CMR : 22°+1 5 )72
Zb(a—h) a_,
b
Giai

Nhan xét: Dudi mau s6 b(a-b) ta nhan thidy b + (a — b ) = a. Chuyén doi tat ca
biéu thtrc sang bién a 13 1 diéu mong mudn vi viée st 1i voi 1 bién s& don gian hon.

Bién tich thanh tong thi ddy 1d mot mit manh cua BDT Cd-si. Do d6:

o b+(a-b))|
Ta c6 danh gia vé mau s6 nhu sau: 4.b(a—b)£4. % =4.%=a2
A 2a3+1 cosi 2a%+1 a*+a’+l 1 Cosi 1
: > = =a+a+= = 33aa—=3
VY Zb@-b) & % a = X323
, b=a-Db a=1
Dau “ =" x4 & =
au Xay ra a:iz b:l
a 2

Binh luén:

e Trong viéc xtr i mau sd ta da s dung 1 k¥ thuat d6 1a danh gia tir TBN sang

TBC nham lam triét tiéu bién b.
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Sir dung bdt dang thire C6 - Si trong gidi todn THCS
e D4i véi phén thirc thi viéc danh gia miu s, hodc tir s6 tir TBN sang TBC hay

nguoc lai phai phu thudc vao d4u cua BDT.

Bai 6: Bai toan tong quat 1.

Cho: X, >X, >X,>.cceuenee, X, >0val<keZ.CMR:
1 (n—l)k+2
+ - 2
i a,(a,-a,) (az—as)k ............... (an_l—an)k S T
Giai
VT _
1
a,+(a—a,)+(a,—a)+...+(a  —a,)+ - - -
a,(a,-a,) (a,-a,) ...(a,,—a,)
—a ), Bre),  (Baca), | Baa), _ 1 k
" % an(a1_a2) (az_a3) "(anf1_an)
— ) n-1_ % -1~ 1
zﬂn_l)m]{n1]k+jan<alkaz>..<aika>._<a S
K K o
~(n-1)k+2

Tém lai: Trong ky thudt tach nghich ddo ky thudt can tach phdn nguyén theo mdu
s6 dé khi chuyén sang TBN thi cdc phan chira bién sé bi triét tiéu chi con lai hdang
s0.

Tuy nhién trong kj thudt tach nghich dao doi véi bai todn c6 diéu kién rang
budc cua an thi viéc tach nghich dao hoc sinh thuwong bj mdc sai lam. Mot ky thuat

thuong dwoc su dung trong ky thudt tach nghich dao, danh gia tw TBN sang TBC

la ky thudt chon diém roi.
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3.3 K¥ thuit chon diém roi

Trong k¥ thuat chon diém roi, viéc sir dung dau “ =" trong BDT Cd-si va cac
quy tic vé tinh dong thoi ctia dau “ = ”, quy tic bién va quy tic ddi ximg s& dugc
st dung dé tim diém roi cta bién.

Bai 1: Cho a> 2. Tim gia tri nho nhit (GTNN) cta S = a+%
Giai

Sai 1am thwong gip ciia hoc sinh: S = a-l—% > 2, /a% =2

Dau “ =" xdy ra < a=%<:>a =1 = vo i vi gia thiét la a > 2.
Cach lam dung:
Ta chon diém roi: ta phai tach hang tr a hodc hang tir %dé sao cho khi ap dung

BDT Co-si dau “ =" xay ra khi a = 2. C6 cac hinh thirc tach sau:

ia;lj Q) Chéng han ta chon so d6 diém roi (1):
a a (so do6 diém roi (2), (3), (4) hoc sinh tu lam)
aa-lj @)
1 'a 1.2
)71 a® e _ 2_1
T = —=Z = aoa=4
% aa] ®) 1_1 a 2
o a 2
;— 4
(=) @
a,l 3a al 3a 3.2 5
a ): S=—+Z+"22 -+ o1+ =2 “ =" x4 =
Viay ta co 2 a+4 4a+4 +4 > Dau xay ra < a
2.
Binh luén:
e Ta su dung diéu kién ddu “ =" va diém roi 1a a = 2 dua trén quy tic bién dé
timra o = 4.

Nguyén Cao Cuong - THCS Thai Thinh — Qudn Pong Pa— TP. HaNgi 17



Sir dung bdt dang thire C6 - Si trong gidi todn THCS
o O day ta thdy tinh dong thoi caa ddu “ = trong viéc ap dung BDT Cé-si cho 2

sO % % va 3—ada‘[ gia trj 16n nhat khi a = 2, tirc 1a chung c6 cung diém roi la a

4
= 2.

Bai 2: Cho a> 2. Tim gi4 tri nho nhét cua biéu thirc: S=a+%
Giai
a_z2

So d6 chon diém roi: a=2| =% % o 2_1 > o=8
1.1 7 a4
a® 4

Sai 1am thwong gip:

1 (a 1) 7a B :
Sa+a [8+j8‘28 "8 fka 8 B2 8

9
4

Nguyén nhan sai lam:

Mic du chon diém roi a =2 va MinS = % 1a dap s6 ding nhung cach giai trén da

2 2
mic sai lam trong viéc danh gia mau s6: Néu a > 2 thi la danh gia
J_ w/ 4
sai.
Pé thuc hién 101 giai dung ta can phai két hop véi ky thuat tach nghich dao, phai

bién d6i S sao cho sau khi sir dung BDT C0-si s& khir hét bién s6 a & mau so.

Loi giai dung:
1 (a a 1) 6a COSI aal 6a 3 6a_3 6.2 9

= _ - >4 "=

S=ata (88 ]8 Nesaz*8 48478 4

Vé’iazZthiMinS=%
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Sir dung bdt dang thire C6 - Si trong gidi todn THCS

a,b,c>0 1,1,1
Bai 3: Cho 3. Tim gié trj nho nhit cia S=a+b+c+=
a+b+c<§ a' b’
Sai lAm thwong gip:
S—a+brc+i+islspanctlig = MinS=6
a b c ‘abc
Nguyén nhan sai lam :
o e~ 1 11 N R T
MinS=6 < a_b_c_5:E:E:1 = a+b+c_3>§ trai voi giai thiét.

Phan tich va tim toi 1oi gidi:

Do S 12 mot biéu thic ddi xtng véi a, b, ¢ nén du doan MinS dat tai diém roi

ko~ 1
a_b_c_7
1
1 2 1 2 _
So do diém roi: a=b= C—? L_L_L_337_5 = a=4
aa ab ac «

Hodc ta ¢6 so dd diém roi sau

no 1 aa=a 2 a B 1 2 _
a—b—c—§:> 11 1 :7—2 = 05—4:>§—a = a=4

Vay ta c6 cach giai theo so d6 2 nhu sau:

S—(4a+dab+ac+ i+l ~3(a+b-+c) >6\/4a4b4 111—3(a+b+c)
a b c ‘ab'c

3 15 iom o~ Lo 15

>12— 35—7 Vi a—b—C—ﬁthl MlnS—?
a,b,c>0 1 1
Bai 4: Cho 3. Tim GTNN cta S = \/a2+—+\/b2+—2+\/c2+—2
a+b+c<> C a

2
Giai
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Sir dung bdt dang thire C6 - Si trong gidi todn THCS

Sai lAm thuong

gap:

A R O
>3J[2 azblzJ[ \/bz 1}[ \/cz 1} 3¥B=32 = MinS=3/2.

Nguyén nhan sai lam:

MinS = 32 & a:b:c:%:

1
C

% =1 = a+b+c=3>g trai voi gia thiét.

Phan tich va tim toi loi giai
1

Do S 1a mét biéu thirc d6i xtmg voi a, b, ¢ nén du doan MinS dat tai a=b=Cc=>

2

:b2 :szl

1 1

ad? ab® ac® a

4 = =16
a

Loi giai

— 2 1 l 2 l l 2 1 1
S_\/a + —16b2+ ..... +—16b2 + \/b +1602+ ..... +—1602 + \/C + 16a2+ ..... +1—6a2
16 16

: 1 1 2 1 1 , 1 1

> \/171</a 667 T6R? + \/171</b 65 16 + \/171</c TSy
16 16 16

a’ / b? c? a b c

=17 16°p + \/1717 162 + \/1717 16 g% :\/ﬁ(l</168b16 +1</168C16 +1</168a16j
a b C 317
>J171(33 . .
J—lg\/lz/l68ble 1\7/168C16 & 168a16] 3\/_ 16° 5b5 2,17,7(2a2b2C)5

> 317 lszséﬁ. Déu“Z”XéyrakhiaZbZCZ%:>MinS=
' 3

317
2
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Sir dung bdt dang thire C6 - Si trong gidi todn THCS

Binh luan:

e Viéc chon diém roi cho bai toan trén di giai quyét mot cach dung dén vémit
toan hoc nhung cach lam trén twong ddi cong kénh. Néu ching ta ap dung viée
chon diém roi cho BDT Bunhiacopski thi bai toan s& nhanh gon hon dep hon.

e Trong bai toan trén ching ta da dung mét ki thuat danh gia tir TBN sang TBC,
chiéu cta ddu cia BDT khong chi phu thudc vao chiéu danh gia ma nd con

phu thudc vao biéu thirc danh gia ndm ¢ mau s6 hay & tir s6

Bai 5: Cho a, b, ¢, d > 0. Tim gia tri nho nhét cta biéu thic:

__a b L C d
" b+c+d c+d+a a+b+d a+b+c

b+c+d c+d+a a+b+d a+b+c
+ + +
a b c d

Giai

Sai 1am 1 thwong gip:

Sai 1am 2 thwong gip:

a b+c+d22J a .b+c+d 5
b+c+d a b+c+d a
b c+d+a> b c+d+a
dra’ b “ANordra b 2
C+ — S>2+42+2+2=8
C +a+b+d J C a+b+d 5
a+b+d ¢c  Va+b+d ¢
d a+b+c J d a+b+c
+ > . =2
a+b+c d a+b+c d

St dung BDT C6-si cho 8 sb:

S>8d a b c d _b+c+d c+d+a atb+d a+b+c _g
~ \b+c+d c+d+a a+b+d a+hbh+c a =~ b =~ ¢ =~ d
Nguyén nhan sai lim:
a=b+c+d
MinS=8c 10=Ct04a o htcsd=3a+brcrd)>1=3= Vol
c=d+a+b
d=a+b+c
Phan tich va tim toi loi giai
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Sir dung bdt dang thire C6 - Si trong gidi todn THCS
Pé tim Min S ta can cha ¥ S 14 mot biéu thirc d6i ximg véi a, b, ¢, d do 46 Min S

néu c6 thuong dat tai “diémroitedo”la:a=b=c=d> 0.(no1 1a diém roi tu do
Vi a, b, ¢, d khdng mang mot gia tri cu thé). Vay ta cho trudc a =b = ¢ = d dy doan

MinS = %+12:4_:S Tt d6 suy ra cac danh gia cua cac BDT bo phan phai co

diéu kién dau bang xay ra la tdp con cua dieu kién dy doan: a=b=c=d > 0.

Ta ¢6 so do diém roi: Choa=b=c=d >0 ta co:

a b ¢ _d 1
b+c+d c+d+a a+b+d a+b+c 3 1 3 3
b+c+d _c+d+a_a+b+d _a+b+c_3 3 %7 d
a b C d a

Céach 1: Sir dung BDT C6-si ta co:

b+c+d 8 b+c+d
S= a J S >
a;d£ " " Z 9

b+c+d 9a a5y %9a
b C d b+c+d c+d+a a+b+d a+b+c
b+c+d c+d+a a+b+d a+b+c 92 °~ 9% ~ 9 =~ 9

+§ 9+E+g E 9+§+E+9+9+E+E+C >

9| a b b b c d d d

8 8 bcdcdaabdabc 88 40
S22 19|l 222222222 =22 > Dt W _
_3+9.12.1</( a'a'b'b'b'c'c'c'd'd'dj 3 912 3

Véia=b=c=d>0thi Min S =40/3.

Bai 6: Vo1 x>0, tim gi4 tri nho nhét cia M =4x% —3x + 1 +2011

4x
(Dé thi vao 10 Ha Ngi - 2012)
Giai
M = 4x> —3x+i+2011
4x
, 1
M :(4x _4x +1)+(x+—)+2010
4x

M =(2x 1)’ +(x +ij+201o
4x

Ap dung bat dang thirc Co-si cho hai s6 x>0 va 4i >0 ta co:
X

x+i22 x.i<:>x+i21
4x 4x 4x
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Sir dung bdt dang thire C6 - Si trong gidi todn THCS
Ma (2x-1)% > 0 v6i moi x

=M :(2x—1)2+(x+ij+201020+1+ 2010

< M2=2011
=MinM=2011

_1 1
4x SN 4 <:>X=%
(2x—1)2 -0 2x-1=0

X

Viy gid tri nho nhit ciia M 13 2011 khi x :%
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Sir dung bdt dang thire C6 - Si trong gidi todn THCS

3.4 Ky thuit danh gia tir trung binh nhan (TBN) sang trung binh
cong (TBC)

Néu nhuw danh gia tir TBC sang TBN la danh gid véi dau “ > ', danh gid tir tong

sang tich, hiéu ném na la thay dau “ + ” bang ddau . ” thi nguoc lai danh gid tir

TBN sang trung binh cong la thay dau . ” bang dau “ + . Va ciing can phdi chi

¥ lam sao khi bién tich thanh tong, thi tong ciing phdi triét tiéu hét bién, chi con lai

hang s6.

Bai1:CMR Jab+ycd < j(a+c)(b+d) Vab,c,d>0 (1)

Giai

cd

J(a+c??b+d) +\/(a+c)(b+d)

1( a b C b lfa+c b+d)_1
VT<2(a+c+b+c]+ ( i J_Z(a+c+b+c] 2(1+1) 1(dpem)

1)< <1 Theo BDT C06-si ta co:

Binh luan:

e Néu giir nguyén vé trai thi khi bién tich thanh tong ta khong thé triét tiéu an sd
= ta c6 phép bién ddi twong duong (1) sau d6 bién tich thanh tong ta s& duoc
cac phén thirc c6 cing mau so.

e Déu “ < ” goi ¥ cho ta néu st dung BDT C6-si thi ta phai danh gia tir TBN
sang TBC

a>c>0
b>c>0

Bai 2: CMR /c(a—c +\/c b—c)<ab v{ (1)

Giai

. /c(a—c) /c(b—c)<
Ta co (1) twong duong voi : b + b <1

Theo BDT C6-si ta co:
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Sir dung bdt dang thire C6 - Si trong gidi todn THCS

T o557 48 e

a b 2\ a
Bai 3: CMR 1+3%abc sg/(1+a)(1+b)(1+c) va,b,c>0 (1)
Giai

Ta c6 bién d6i sau, (1) twong duong:

L1+ 3abe < [Tra)Leb)(lc) = i/(“ a)(ll'i.bl)(l+c) +?J(1+ a)(f-t:(t:;)(uc) <1

Theo BDT C6-si ta co:

11,1 1 } 1{ a . b ¢ }_1{a+1+b+1+c+1}:%.3:l

VT <= += ==
3|1+a 1+b 1+c| 3|1+a 1+b 1+c| 3|1+a 1+b 1+c

Dau “="xayra<>a=b=c>0.
Ta c6 bai toan tong quat 1:

CMR:

Giai

Ta co: 16ab(a—b)2:4.(4ab)(a—b)2s4{4ab+(2a_b)2} {(azb)z} —(a+b)*

8
729

a,b,c>0

Bai 5: Cho
a+b+c=1

Chimg minh ring abc(a+b)(b+c)(c+ a)<
Giai

So d6 diém roi:

Ta nhan thdy biéu thirc c6 tinh dbi xtmg do d6 dau “ = ctia BDT sé& xay ra khi

a=b=c= % Nhung thyc té ta chi can quan tdm 1a sau khi sir dung BDT Co-si ta

can suy ra dugc diéu kién xay ra dau “="1a: a=b =c. Do d6 ta c¢6 161 giai sau:

abc(a+b)(b+c)(c+a)cos[a+b+c} [(a+b)+(b+c)+(c+a)}3 :(EJTZT __8

3 3 3)\3) 7129
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Trong ky thudt danh gid tir TBN sang TBC ta thdy thirong nhdn thém cdc hang sé

dé sao cho sau bién tich thanh téng cac téng dé triét tiéu cdc bién. Pdc biét la doi
Vi nhitng bdi todn c6 thém diéu kién rang budc ciia dn so thi viéc nhdn thém hang
s6 cdc em hoc sinh dé mdc sai lam. Sau ddy ta lai nghién civu thém 2 phwong phdp
nita d6 la phwong phdp nhédn thém hang so6, va chon diém roi trong viéc ddnh gid
tir TBN sang TBC. Do da trinh bay phwong phdp diém roi ¢ trén nén trong muc
nay ta trinh bay gép ca 2 phan .
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3.5 K§¥ thuit nhan thém hang s6 trong danh gia tir TBN sang TBC

Bai 1: Ching minh ring: a\/(b—l) +b\/(a—1) <ab Va,b>1

Giai
Bai ny ching ta hoan toan co thé chia ca 2 vé cho ab sau d6 ap dung phuwong phap
danh gia tr TBN sang TBC nhu phan tru6e di trinh bay, tuy nhién ¢ day ta ap
dung mdt phuong phap méi: phuong phap nhan thém hang so

cosi (b-1)+1 ab
an 1 :aﬂ/b 1 aT:7

Taco: oo (a-1)+1 ab
osi 1)+ a
b\/(a—l)zb\/(a—l)l < b 5 T
= afo-0+bfa-]) < L+ _ap
-2 2
Déu“=”xéyra<:> b-1=1 — b=2
a-1=1 a=2

Binh luan:

e Ta théy viéc nhan thém héng s6 1 vao biéu thirc khong hoan toan tu nhién, tai
sao lai nhan thém 1 ma khong phai 13 2. Thuc chat cia van dé 1a chung ta da

chon diém roi cua BDT theo quy tic biénlaa=b=1/2.

Néu khong nhan thue dugc o van dé trén hoc sinh s& mac sai lam nhu trong VD

Sau.

a,b,c>0

Tim gia tri 16n nhat: S=va+b+vb+c+Jc+a
a+b+c=1

Bai 2: Cho {
Sai 1im thwong gip:
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2(a+b+c)+3
Ja+b+vb+c+Jc+ax< ( 5 ) —g
Nguyén nhén sai lam
Diau“="xayra<>a+b=b+c=c+a=1=a+b+c=2 trdi voi gia thiét.

Phan tich va tim toi 1oi gidi:
Do vai tro cuia a, b, ¢ trong cac biéu thirc 13 nhu nhau do d6 diém roi ctia BDT sé 1a

a:b:c=% thdétadudoénMaxS=\/6.:>a+b=b+c=c+a=%:hﬁng

s6 can nhan thém 13 % Vay loi giai dung la:

2

3 | 7 o [3 (ath)+3

Ja+b = \/; (a+b).§ < \/;T
2

3 2 s [3 (D+C)+3

Jbrc- \g./(tm;).§ g R
2

3 2 cosi [3 (C+a)+§

Jec+a= \g./(c+a).§ < B

3 2(a+b+c)+3.§ 3
= Ja+b+Jb+c+c+a< > 5 = E.2:\/6

N

Bai toan trén néu cho dau bai theo yéu cau sau thi hoc sinh s& c6 dinh hudng tot

a,b,c>0

Chimg minh ring: S=+a+b+vb+c+Jc+a<6. Tuy
a+b+c=1

hon: Cho {

nhién néu nam duogc ky thuat di€m roi thi viéc viét dau bai theo hudng nao cling co6

thé giai quyét duoc.
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Bai 3: Cho 195X53  1im Max A = (3 x )(12 — 3y)(2x + 3y)
' 0<y<4 Y Y

Cosi [(6—2x)+(12—?:y)+(2><+3y)]3 ~36

A =2 (6-2x)(12-3y)(2x+3y) -

Diu“="xdyra<6-2x =12-3y=2x+3y=6 @{);iz

Binh luan:

e Vi¢c chon di€ém roi trong bai toan nay doi voi hoc sinh thuong bi ling ting.
Tuy nhién can cr vao y€u cau khi danh gid tor TBN sang TBC can phai triét
ti€u hét bién cho nén can cur vao cac hé so cua tich ta nhan thém 2 vao thira so

thr nhat 1a mot diéu hop 1y.

(x+yf
Xy?

Giai

3 3
Ax+2y+2y) 114 _ 4 3
3 j ‘16{3(“3’)} =7 (X+Y)

Bai 4: Cho x, y > 0. Tim Min f(x, y) =

Tacod: xy? :%(4x)(2y)(2y) <

01|'—‘
7\

1

3
Xty X+y 4 : 4
=t = X e =57 = Minfixy) =
y S (X+Y)
27
Diu “ =" xdy ra <> 4x = 2y = 2y <y = 2x > 0. D¢ 1a tap hop tat ca cac diém

thudc dudng thang y = 2x véi x duong.

Thuc ra viéc dé hé sd nhu trén cé thé tiy ¥ dugc mién 1a sao cho khi sau khi 4p
dung BDT C6-si ta bién tich thanh tong cta x + y. ( C6 thé nhan thém hé s6 nhu
sau: 2x.y.y).

Binh luén:
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e Trong bai toan trén yéu cau la tim Min nén ta c6 thé str dung k¥ thuat danh gia
tir TBN sang TBC cho phan ¢ dudi mau sb vi danh gia tir TNB sang TBC la
danh gia v6i dau “ <” nén nghich dao ctano s& 1a «“> .

e Taciing c6 thé danh gia ttr s6 tir TBC sang TBN dé c6 chiéu “ >

Bai to4an tong quat 1:

14+2+3+..4n
. . X1+X2+X3 ........... + X,
Cho X, Xy, Xgerereenenns X,>0. Tim Min f :( XX x)"
273 n

Bai 5: Ching minh rang; Q/ﬁ<1+% M VYne N (n >1)

Véin =1, 2 ta nhan thay (1) dang.

Véin > 3taco:

: 2\/ﬁ+(n—2)<n+2\/ﬁ:1+£
n n n Jn

Bai toan tong quat 2:

Chimg minh ring: [1+%j < [1+%J vm<neN 1)

Giai

m
Ta bién doi (1) vé bat dang thic twong duong sau: #(u%} < 1+%
1) 1 1 1
Ta co: n(1+—j \/[1+—J.[1+—j ....... (1+—j.1.1 ......... 1
m n m m m)—mmn —

m

n-m

A_(1+1j+(1+1j ....... +(1+1J+1+1+ ......... +1 m(1+1j+n—m
Cgl m m m m 1

=1+=
n n n
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Binh luan

Can phai binh luan vé ddu “ = ”: trong bai toan trén ta coi 1/m = a thé thi khi
d6 diu bang trong BDT Co-si xay ra khi va chi khi 1+ a= 1 < a = 0. Nhung
thuc té thi diéu trén tuong duong vo1 m tién t6i +oo, khi m 14 hitu han thi diu
“<” 1a hoan toan dung. Chung ta cling nhin thiy néu m tién ra + oo thi hai vé
ciia BDT cang dan t&i cing mot gia trj 13 e (co s6 tu nhién cta ham logarit). Ta
hiéu 14 trong qua trinh nay thi VP tién nhanh hon VT nhung sau nay khi tung
ra oo thi toc d6 dan bang nhau va khoang cach ngay thu hep.(Muc nay xin chi

binh luan ciing véi cac bacn déng nghiép)

Tom lai : DPé sir dung BPT C0-si tir TBN sang TBC ta can chii y: Chi s6 cdn thirc

la bao nhiéu thi s6 cdc so hang trong can la bdy nhiéu. néu so cac so hang nho

hon chi s6 can thi phai nhan thém hang so dé so cac so hang bang chi so can

Bai 6: Cho a,b,c>0 Tim Max S=%a+b+%¥b+c+3c+a
a+b+c=1
Giai

Sai 1am thwong gip:

a+b +1+1

Ja+b= a+b 11<
b+c)+1+1
3

Ib+c= b+c q11< 7
c+a

c+a)+1+1
3 / <\ 7)==
c+a 1.1 3

2(a+b+c)+6
= S=%a+b+3¥b+c+Yc+ax< ( 3 ) :%:Max8=§
Nguyén nhén sai lAm:
8 a+b=1
MaxS=§<:> b+c=1 = 2(a+b+c)=3 = 2=3 = Voly
c+a=1
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Phan tich va tim toi 101 gidi:

Do S 1amét biéu thirc d6i xtmg véi a, b, ¢ nén Max S thudng xay ra tai diéu kién:
a+b=

& a=b=c== < {b+c=

w| N

= Vay hing s6 can nhan thém la %

Wl

a,b,c>0
a+b+c=1

C+a=

WIN WIN wlN

+2
3

WIN

5 (a+b)+
davb -3 f(arb) 2 2 <
2

5 (b+c)+5+
Ta c6 10i gidi: \3/b+c=§/;.3,/(b+c). . -
5 (c+a)+§+

ﬂc+a=d}#@+a) 5 < 3

2(a+b+c)+4
= S=ﬂa+b+ﬂb+c+ﬂc+a£d§.(_+5F)+ :dgg=318

Wl N
Wl N

IA
winN

wl N
N WIN
N

Ww(N

Wl N
w

QD
+
O
Il

Viay Max S = 318. Dau “="xdyra < {b+c=

Wl

C+a=

WIN WIN wlN
Q
[l
o
[l
o
[l
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3.6 Ky thuat ghép dbi xing

Trong ky thuat ghép d6i xtmg chung ta can ndm dugc mot sd kiéu thao tac sau:

2(x+ y+ z):(x+ y)+(y+ z)+(z+x)
Phép cong: X+Y  Y+Z  Z+X

Xty +2="75 42 5

Phép nhan: x*y?z> =(xy)(yz)(zx) ; xyz=Jxyyzvzx (x,y,z >0)

Bai 1: Chimg minh rang: %+%+%b2a+b+c Va,b,c>0

Giai
Ap dung BPT Co-si ta co:
2la b a b
lfca abyy jcaab_, _ bc,ca b, hic. Diu«=" xdy ra <> a=Db
2lb ¢ b c a b ¢
Lo ab), foab
2la ¢ a ¢
=C.
Bai 2: Chimg minh ring: a—+b——|-c—29—l-9+E vabc=0

b> ¢ a a b ¢

Giai
Ap dung BDT C6-si ta co:
1(a?  b? /azb2 al_a
ol [ - Y ] P
2 b2+ch‘ b2'c® |c| ¢
1(b? ¢t [b* 2 _|b|_b az_ b? c2_|b| |c| |a]_ b cCc a
e ) P>y Rt bl b e - bl [ ) o 2 Rt Sl S
2\ c? aZJ cc’a’ |al a TP e aza‘bHc‘abc
1(a* , c? az c* j|cl.c
S R I
Bai 3: Cho tam giac AABC, a,b,c 1a s6 do ba canh ctia tam giac. CMR:

1 1 1 1 1,11

a) (p—a)(p-b)(p-c)<zabc; b + + >2| =+=+=
) (P=a)(p-b)(p )8 )p—a p—b p-c (a b CJ
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a) Ap dung BDT Co-si ta co:
Jo-apn< 2P
\/(p‘b)(P—C)S(p_b);(p_C)=% = (p—a)(p—b)(p—c)S%abc
Jo-arp-o =L el

b) Ap dung BDT Co-si ta co:

1( 1 1 } 1 1 )
__+ > S 2
p-a p-b) ~ fp-a)p-b) ~ (p-a)+(p-b) ¢
2
p=bp=¢) = [p-b)(p-c)  (p-B):(p—c) @
2
p-a p-c) ~ [p-a)(p-c) (P-a)+(p-c) b
2
p-a p-b p- c=4lath”’
Diu “=" xay ra cho ca a) va b) khi vao chi khi A ABC déu:a=b=c
( p 1a ntra chu vi ctua tam giac AABC: p:a+b+c)

Bai 4: Cho A ABC, a, b, ¢ 1 s6 do ba canh cua tam giac. Chtrng minh rang:
(b+c—aj(c+a-b)(a+b—c)<abc
Giai
Ap dung BPT C6-si ta co:
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Os(b+c—a)(c+a—b) < (b+c—a)J2r(c+a—b) =cC
0<(c+a-bj(a+b—c) < (c+a—b)J2r(a+b—c) = a
0<(b+c-a)(a+b-c) < (b+c—a)42r(a+b—c) =b

=  0< (b+c—a) (c+a—b) (a+b—c) < abc

Diu “="x4yra < A ABC déu:a=b=c.
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3.7 Ky thuit ghép cip nghich dio cho 3 so, n s6
No6i dung can nidm duogccac thao tac sau:

1. (x+y+z)[)1( i/ §]>9 vx,y,z>0

2 (xl+x2+ ........ +xn) E SR 1ls VX, X,y X >0
X% Xn
Bai 1: Chtrng minhréng: b+C+CEa+a+b26 Va,b,c>0 Q)
Giai

Ta bién doi (1) twong duong: (1+%] + (1+¥) £l+aT+bj >9

a+b+c b+c+a c+a+b 1.1.1
> -
R 9 & (a+b+c)( = Cj > 9 (dpcm )
Bai 2: Chimg minh ring: + 2 + 2 , 9 va,b,c>0
a+b b+c c+a a+b+c T
Giai

Ta bién d6i tuong duong BPT nhu sau: 2(a+b+c)( 1 + 1 + 1 j >

a+b b+c c+a

o [(a+b)+(b+c)+(a+c)} (a-lkbijJlrchciaJ > 9 (dpcm )

c .a, b 3 |
>2 v
b5 et erg >y vab.c>0(BDT Nesbit)

Giai

Bai 3: Chiing minh rang:

+b +C

a+b+c a+b+c a+b+c)_9
= + > =
a+b b+c c+a 2

1 1 1
< (a+b+c>(a+b+b+c+c+aJ =

Ta c6 bién d6i twong duong sau: (l+ aij+(l+ i] + [1+ LJ > g+ 3= %

2
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= [(a+b)+(b+c)+(a+c)} (a—lkaerlchrciaj > 9(dpcm)

c? a’ b? >a+b+c

Bai 4: Chu inh ring: + >
Hne Mg 3 b " b+c cra 2

Va,b,c>0

Giai

. 2 2 2 3(a+b+c
Ta bién déi BBT nhu sau: [c+-C— |+[at-& | +[b+ P> ( )
a+b b+c c+a 2

= C(1+Lj+a(l+ij+b 1+ b 23(a+b+c)
a+b b+c c+a 2

C a b 3(a+b+c)
C> (a+b+c){a+b+b+c+c+a}2 2

= C+a+b2%

a+b b+c c+a
c a b 9
= (1+—a+b)+(l+b—ﬂzj+(l+—c+a)z?

N [(a+b)+(b+c)+(a+c)} (a—lkarb—lchrciaj >
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3.8 K thuat ddi bién sb

C6 nhimg bai toan vé mit biéu thirc toan hoc twong ddi cong kénh hoic kho giai,

kho nhan biét duoc phuong hudng gidita c6 thé chuyén bai toan tir tinh thé kho

bién ddi vé trang thai d& bién d6i hon. Phuwong phap trén goi la phuong phap do6i

bién.
C N a N b
a+b b+c c+a

Bai 1: Ching minh rang: 2% Va,b,c>0 (BDT Nesbit)

Giai
b+c=x>0
bit: {c+a=y>0 < a:y+§_x;b=2+)2(_y;czx+%’—z_
a+b=z>0

Khi d6 bat dang thirc da cho twong duong véi bat dang thirc sau:

o YTZ=X  ZH+X-y  X+y-Z o X+§-{E+§}_X+E 56
2X 2y 27 x y)\x z)zy

Bit dang thuc trén hién nhién ding, That vdy ap dung BDT C6-si ta co:

VT > 2\/¥.5+2\/E.5+2\/¥ Z_2:2+2-86
X'y X'z

z'y
Diu“="x4yra<X=-y=z<a=b=c

a’ b? c?

Bai 2: Cho AABC. Chiing minh rang: b+c—a+c+a—b+a+b—cza+b+c

Giai
b+c—a=x>0

bat: <.c+a-b=y>0 o a=Y
a+b-c=z>0

+Z7. _Z+X_ _X+y
5 b= C=5

Khi d6 bat dang thirc dd cho twong duong vé6i bat dang thire sau:

& >X+Yy+2 2

(y+zf +(z+x)2 +(x+y)2
4x 4y 47

Tace: VT (2) = Y2 + 2 X Lyz 2 1fzx Xy +1(E+ﬁj
' - X y z 2\ x y) 2y z) 2(x z
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Xy y z X z
Bai 3:Cho AABC.CMR :(b+c—-a).(c+a—-b).(a+b-c)<abc (1)

b+c—a=x>0
bat: {c+a-b=y>0 < a=
a+b-c=z>0

y+Z_ _Z+X_ _X+y
5 D=5 =0

X+Y Yy+Z Z+X

Khi d6 ta c6 BDT (1) twong duong vdi bat dang thirc sau: xyz < 5 55

Ap dung BPT C6-si ta co: Xty y+z Z—;X > /Xy Jyza/zx =xyz (dpcm)

2 2
Baj 4: Cho AABC. CMR:
1 1 1 p
+ + > (1)
(p-a) (p-b)° (p—c) (p-a)(p-b)(p-c)
Giai
p—a=x>0 1 1 1
Pat: {p-b=y>0 thi (1) e —+— - >XTY+Z )
X2 y? z Xyz
p—c=z>0
Ta co:

1/1 1 1(1 1 1/1 1
vTia) = E[Wﬂﬁ[?*?}*z(v*?

1 1 1 x+y+z
+—+—=

Xy yz X xyz

Dau“="xdyrac>X=y=z<a=b=c< A ABC déu.
N . P X o1 1 1

: > = - <

Bai 5: Chirng minh rang néu a, b, ¢ >0 va abc = 1 thi : 2+a+2+b+ 5
Giai
Bit dang thic da cho twrong duong voi:
1 1 1 a b C
252 T orb 25c 2 © 2ra 240 24cC
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pit a=>:b=Y:c=2: thoa didu kien abc=2Y Z_1. Bt ding thic da cho
y z X y'z'X

.. X y Z
tw d : >1
ong duong vadi x+2y+y+22+z+2x>

Ap dung bit dang thirc Bunhiacopski ta co:

(x(x+2y)+ y(y+22)+z(z+2x))(x+><2y+ yJYZz + Z—|—22xJZ(X+ y+ 2)2

( X N y N yi }> (X+y+z)2 :(X+y+z)2:
X+2y y+2z z+2X _(x(x+2y)+y(y+22)+z(z+2x)) (x+y+z)2
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4. MOT SO UNG DUNG KHAC CUA BAT PANG THUC CO S

4.1 Ap dung BDT dé giai phwong trinh va hé phwong trinh

Bail:  Gidiphuongtrinh X +\y—1+vZ—2 :%(x+ y+2)
Piéu kién : x >0,y > 1, z > 2. Ap dung bét dang thirc Co-si cho hai s6 khong
am ta co:
=x1< X
-1)+1
1=y 24

Vi-2=z-2) 1< 222

Suyra: \/§+«/y—1+\/z—2§%(x+y+z)

x=1 x=1
Dau “=" xay ra khi va chi khi {y-1=1<1y=2.
z-2=1 z=3

Vay phuong trinh ¢6 nghiém (X, y, z) = (1; 2; 3)

Bai 2: Giai phuong trinh: N—x2+PM+x2+¥+x =3
Giai

Piéu kién: -1 < x < 1. Ap dung bat dang thirc Co-si ta co:

(A = <X )

(i = ix 1< 2)
(X =\ x 1< 3)

Cong (1), (2), 3) ta dugc:  Y1—X2 +A—x+ A+ x <1+1—x+1+x
Mit khac, lai theo bat dang thirc C6-si ta co:
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VX = 0 1< 20X

@+x)+1_2+X
2 2

I+ x=0+x).1<

1+\/1—_x+\/1+_x§1+—2£X+—2J2rX=3

Tir (4) va (5) suy ra: Y1—X2 + Y1+ x+¥1+x<3

J1-Xx=+1+X
Dau “=" xay ra khi va chi khi:{1-x=1 & x=0
1+x=1

Vay phuong trinh ¢6 nghiém duy nhat x = 0

Bai3: Giai phuong trinh: VX2 +X—1+vVX—=X2+1=xX>—X+2 (1)
Jrx_1< (X*+x-D+1_x*+X
Ap dung bét dang thirc Co-si, ta co: S (x_X22+1) » X_2X2 »
B 2 2
= VX HX-1+X=x2+1<x+1 (2)

Két hop (1) va (2) ta co: x> —x+2<x+le (x—1)? <0< x=1.

Thur lai ta ¢6 x = 1 12 nghiém duy nhét cia phuong trinh

(X=D)Jy +(y-DVx =2xy
XY —1+yJx—1=xy

Giai

Bai 4: Giai h¢ phuong trinh:

Piéu kién: x > 1, y > 1. Ap dung bét dang thic Co-si, ta co:

Jx—l:ﬂ.(x-l)s#:%:ym§§ (1)

Tuong tu: w/y-lg%:x«/y—lg% 2

Cong (1), (2) ta dugc XJy—1+y/Xx—-1<xy.

x-1=1

Dau “ = ” xay ra khi va chi khi{y_1;1<:>X=y=2.
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Thir lai thay: x = y = 2 ciling thoa man phuong trinh thi nhat ctia hé

Vay hé c6 nghiém duy nhat (2;2)

Bai 5: Cho s6 nguyén n >1. Giai hé phuong trinh: {2

Giai
Tt hé da cho suy ra x1, X, ..., Xn & cung dau. Gia st xi > 0 voi moi i. Ap dung bat
déng thac Co-si, ta co:
1 1 e
X, =5 X, +X— >1.Tuong tu: x; > 1 v41 moi 1.
2
C/\ h \ h 9 h/\ h \ /{ d - _ 1 1 1
ong n phuong trinh cua h¢ theo tung ve ta dugc: X +X, +...+X| ——+X—+...+X—

2 n

- A Lo .. 1 1 1
Vixiz1nen x,>—voimoii, suyra: X +X,+..+X = —+—+...+—

X X X, X,

Déu “=" xdy ra khi va chi khi x1= Xo=...= x,=1

Bai 6: Giai h¢ phuong trinh:

1+22
Giai
RO rang h¢ c6 nghiém x =y=2z=0. Véi x,y,z # 0, tir h¢ da cho suy ra x>0, y>0,

z>0. Ap dung bat dang thirc Co-si, ta co:

2x%  _ 2X?
1+ X 22Xx=>y="—"~_-<"_ =
y 1+Xx* "~ 2X
2y? . 227
Tuong tu: Z= <y va X= <Z
s 1+y? y 1+2°
Vay : y<x<z<y,suyrax=y==z.
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Thay y = x vio phuong trinh thir nhét ta dugc:
2X?
1+ x?

Vay h¢ c6 hai nghiém (x, y, ) = {(0; 0; 0) ; (1; 1; 1)}

=X 2x=1+xX* < x=1(vix >0)

Bai 7: Tim s6 nguyén duong n va cac sd duong a;= a;=... = a, thoa cac diéu
kién
a+a,+...+a,=2 1)
a£+ ai ot 1 2 (2)
1 2 n
Giai

Lay (1) cong (2) vé theo vé, ta du:orc:Lal +é]+[az +%}+..+{an +aiJ:4

Ap dung bat dang thirc Co-si, ta co: a, +iz 2 véii=1,2,...,n

Suyra4>2nhayn<2:
8,=2 a+a,=2

Voin=1:hé izz vo nghiém; V&in=2:hé £+i:206nghiéma1:az
& a 8,

=1

Vay:n=2vaai=a,=1
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4.2 Sir dung bt dang thirc Co - si dé chirng minh bdt va tim cuc tri

hinh hoc:

Bai 1. Cho (O;R) dudng kinh AB ¢ dinh. Day CD di dong vudng goc voi AB tai
H nam gitra A va O. Léy diém F thudc cung AC nhé. BF cit CD tai E; AF cit tia
DC tai L.

a) Chung minh rang tr giac AHEF 1a tr giac noi tiép.

b) Chimg minh rang: HA. HB = HE. HI

c¢) Puong tron ngoai tiép tam giac IEF cit AE tai M. Chimg minh rang: M
thudc (O;R)

d) Tim vj tri ctia H trén OA dé tam giac OHD c6 chu vi 16n nhét.

I
%C |
A H O
N

Ta c6 chu vi tam gidc OHD = OH+OD+HD = R+ OH+0D

Gidicaud

(OH +0D)” = OH? + OD? + 20H.0D = R? + 20H.0D
Mu 20H.0D < OH? + OD? (BBt C6 - Si) <> 20H.OD <R?
= (OH+0D)" <R?*+R? < OH+0D<R+2

= Chu vi AOHD <R +R+2 = ChuviAOHD,,, =R +R+/2
<> OH = OD < AOHD vuong can tai H
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R~/2

—=0OH = R.c0s45°= -

Bai 2. Cho (O) dudong kinh AB; trén tia d6i cua tia AB lay diém C, v& duong
thang d vudng goc véi AB tai C; 1dy diém M bat ky trén duong tron, tia BM cit d
tai D, tia DA cit (O) tai diém thu hai E.

a) Chtng minh tir giac ACDM 1a ttr giac noi tiép.

b) Chiimg minh: BM.BD = BA. BC

¢) Chirng minh MA 1a phan giac CME

d) Gia sit CA = 4cm; AB = 9cm. Tim vj tri ctia diém M trén (O) dé khoang
cach gitra hai diém D va E nho nhat.

Gidi cau d

Chung minh dugc AE. AD = AC.AB=4.9=36
ap dung BDT Co si cho AE va AD ta co:

AE + AD > 2+ AE.AD < AE + AD >2+/36 < AE + AD >12

AE = AD
< AE=AD=6cm
AE.AD =36

Tu diéu nay cé nhiéu cach xac dinh vi tri M, chéng han:
Tinh duoc DC =+/20

:>(AE+AD)min:12<:>{
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:thBD—E—C \/_ — CBD =18°59"

Vay M la giao diém cta tia BD véi (O) sao cho CBD =18°59'

Bai 3.
Cho tir giac ABCD ndi tiép trong mot dudng tron. Hai dudng chéo AC va
BD cit nhau tai I. Chimg minh ring :

AB+CD+BC+AD IA IC 1B ID
CD AB AD BC_IC AT IDTIB

Giai

Dé thay AABI - ADCI (g.9) C

_AB_AI_Bl_ AB__[AIBI
~CcD DI Cl ~ cD_ \/DICI

Theo bét dang thirc Co-si, ta co:

AIBl 1 Al BI
L JAIBI _1 Al BI A
pici<2(c1"p) (2) A

IA_IB
Dau bang trong (2) xdy ra <> = IC T ID

AB 1
TE(i@=50<3 (D) @
Hoan toan tuong ty, ta cling co:

CD 1
AB 2(IA IB) 4)

BC 1
AD _Z(ID IA) (%)
AD 1A ID
sc=2(c* ) (6)

IC _ID IB_IC IA _

Dau bang trong (4), (5), (6) xay ra twong tng khi — A-B'ID IA'IC"

ID
IB -
Cong timg vé cua (3),(4), (5), (6) ta dugc diéu phai ching minh. D4u bang

xay rakhiIA =1IB=IC=1ID < ABCD la hinh chir nhét.
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Binh ludn:: Trong bai toan trén, mic du ddu cua bat dang thic cAn ching minh 13

<, trong khi ca hai vé ciia bat dang thuc déu ¢ dang tong ciia cac hang tir. Chia
khoa dé giai quyét bai toan ¢ day chinh 1a viéc chuyén d6i mdi hang tir ctia vé trai
thanh dang can bac hai cua mot tich ( % =1\ /%% , ...), tr d6 ap dung bat déng
thirc C6-si chimg minh dugc mdi hang tir d6 cua vé trai < mot nta tong hai hang tir
cia vé phai. Vi vay, viéc linh hoat bién ddi bai toan dé ap dung duoc bat déng thurc
Co-si trong nhing trudng hop cu thé 1a rat can thiét, doi hoi ¢ nguoi 1am toan su tu
duy, tim to1 va sang tao.

Bai 4: Cho tam giac nhon ABC. V& ba chiéu cao AAj, BB1, CCy; ba trung tuyén
AA,, BB,, CCy. Gia st AA, N BB1=P, BB, N CC1=Q, CCz N AA=R.

AP BQ  CR

Chtng minh rang: A, + 0B, + RC, >6
Churng minh:
Ap dung dinh 1y Me-ne-la-uyt trong tam giéac A
AA,C véi duong thang BRBy, ta co:
AP AB
PA, BC
CBi_y
BiA
Suy ra: AP _ BC.
PA, AB
AE O
Do AA; 1a trung tuyén nén BC = 2.A;B,
vavi BB: L AC
en AB, BB, CotA tanC
B.C BB,CotC tanA
Vay tir (1) = F’:f =2 :222

2

Hoan toan tuong tu, ta co:
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BQ _ZtanA_ CR _ztanB
QB, tanB'RC, tanC

Tu do:

+ + = +
PA; QB: RC; tanB tanC tanA
Mit khac, theo bat dang thirc C6-si, thi:

AP BQ  CR _ (tanAthanB tanC)

tanA+tanB+tanC>3</tanA tanB tanC
tanB tanC tanA  \tanB tanC tanA
tanAthanBthanC23

tanB tanC tanA

A AP BQ CR A 13 , R
Vay: PA, + 0B, + RC, > 6. Dau bang xdy ra khi va chi khi

tanA tanB tanC
tanB tanC tanA

Bai 5: Cho diém M nam trén doan thang AB. V& vé mot phia ctia AB cic tia Ax,

tic 13 tam gidac ABC déu.

By vudng goc voi AB. Qua M c6 hai duong thang thay doi luén vudng goc voi
nhau va cét Ax, By theo thtr ty & C, D. Xac dinh vi tri ctia céac diém C, D sao cho

tam giac MCD ¢6 dién tich nho nhat.

Giai
, 1
Ta co: SMCDZEMC.MD y
3 3 § 5
bat: MA=a MB=b, AMC=BDM =a 7
C

Khido MC= 2 MD=-2

cosa. sina

A 21 ab

Nén:  Sweo =75 - Gnacosa g

L , At M b B
Do a, b l1a hang s6 nén Sycp nho nhat <

2sinacosa 10n nhét.
Theo bat dang thitc Co-si:  2sinacosa < sina + cos?a = 1

Nén Smcp > ab. D4u bang xdy ra khi sina = cosa. < a = 45°
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Nhu vay Min Sycp = ab. Piém C, D dugc xac dinh thi tu trén cac tia Ax, By sao

cho AC = AM, BD = BM.

Binh ludn: Piém sang tao trong cach giai trén 1a ta da chon bién 14 cac ti s6 lugng
giac sina, cosa. Giira sina, CoSa , Sino + cos?a c6 lién hé béi BDT Co-si: X2 + y? >
2XY.

Bai 6: Cho tam giac ABC, diém M di chuyén trén canh BC. Qua M ké cac dudng
thang song song véi AC va AB, chiing cat AB va AC theo tht tu & D, E. Xéac dinh
vi trf ctia diém M sao cho hinh binh hanh ADME c6 dién tich 16n nhét.

Giai:
Céch1:
Ta théy Sapmve 1on nhét = M I6n
Sasc
nhat.
Ké BK L AC, cit MD & H.
SADME = MD.HK, SABC = % AC.BK
MD HK

. SADME
Suy ra: S = 2. AC ' BK

bat MB =x, MC =y, ta co:

MD BM_x HK_MC_ vy
AC  BC x+y’ BK BC x+y

, . SADME _ 2XY *
Do @6 : Sasc  (xHY)? *)

Theo bt ding thie Co-si: X +y > 2/xy < (X + y)? > 4xy < (XL_I)_(# s%

(**)

T (*) va (**), ta dugc: SSADME < % . D4u bang xay ra khi va chi khi x =y.
ABC

Nhu vay max Sapwme = % Sasc, khi d6 M 1a trung diém cua BC.

Cach 2: K}’l hléu SABC = S, SDBM = Sl, SEMC = Sz.
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S1+S,
S

RO rang Sapme 16n nhit < Sy + S, nho nhit < nho nht.

Vi céc tam giac DBM va EMC cfmg dong dang v6i tam giac ABC nén:
Sl 2 2
= (22 BC My, 2o (ME BC =)

. S1+S, _ BM2+MC?2 _ 2+y 1
S T BC? T (x+y)? z

1 S nén Sapme <

Suy ra 5

. Nhu Vay S1+S,>

% S. Xay ra ddu bang < X = .

1 : 2
= Saec, khi d6 M 1a trung diém cua BC.

Két luan: max Sapme = 5

Binh ludn: O céach 1, ta dd xét mot biéu thirc trung gian, d6 1a ti so giira dién tich

hinh binh hanh ADME va dién tich tam gidic ABC, bat dang thic CO-si dang

Xy 1
Oy = 4

Con & cach 2, ta ciing xét biéu thirc trung gian d6 1a ti sd gitta tong

dién tich cua cac tam giac DBM, EMC va dién tich tam giac ABC, vi vay lai ap

(x+y)? = 2

nhung véi cach khai thac khac nhau thi viéc van dung bat dang thic Co-si s& &

dung bat dang thirc Co-si dang . Qua day cho thay, cting mot bai toan,

nhimg dang khac nhau. Van dé 13 doi hoi 6 nguoi lam toan kha ning van dung linh
hoat, hop 1y dé dat dugc muc dich cu thé.

Duéi day 1a hai bai toan, van 1a bai toan cuc tri hinh hoc nhung ta lai van
dung bat dang thirc CO-si & khia canh khac. Vi hai s6 duong x, y ¢6 tong x + y
khong d6i, thi tich xy dat gia tri 1én nhat khi va chi khi x = y. Nguoc lai néu tich xy
khong doi thi tong x + y dat gia tri nho nhat khi va chi khi x =y.
Bai 7: Cho tam giac ABC vudng can c6 canh huyén BC = a. Goi D 1a trung diém
ctia AB. Diém E di chuyén trén canh AC. Goi H, K theo thir tu 1a chan cac duong
vudng goc ké tir D, E dén BC. Tinh dién tich 16n nhét cta hinh thang DEKH. Khi
d6 hinh thang tré thanh hinh gi?

Gidi

Nguyén Cao Cuong - THCS Thai Thinh — Qudn Pong Pa— TP. HaNgi 51



Sir dung bdt dang thire C6 - Si trong gidi todn THCS

Ta ¢0: 2Spekn = (DH+EK).HK =(BH+KC).HK
Ta thay tong (BH+KC) + HK khong d6i (bang
BC = a cho truéc) nén tich (BH+KC).HK 16n

B

nhét khi va chi khi BH+KC = HK = & .

2
Do do: max S _laa &
0 do: DEKH—2.2.2—8
. " §
Khi d6 hinh thang DEKH c6 dudng cao HK= 7 A E C

va néu ké AM L BC thi do tam giac ABC

vuong can tai A nén MB = MC = a , Nén HB

_ _a
=HM= |
e Re . RH . LK _. 8 8_a
Vay KC=BC-BH-HK=a 17277
Khi d6 DH = HB =%, EK = KC :%.Hinh thang DEKH 13 hinh chit nhat, E 1a

trung diém cta AC.
Bai 8: Cho duong tron (O; r) noi tiép tam gidc ABC. Ké duong thiang qua O cit hai
canh CA, CB cua tam giac theo thr ty & M va N. Buong théng O vi tri nao thi tam
gidc CMN c6 dién tich nho nhat?

Giai
Goi S la dién tich ACMN, taco :
S =Socm + Socn = % (CM + CN).r

S

_1
>=2(CM +CN) (1)

Do do6:
Theo bat dang thirc CO-Si:
% (CM + CN) >+/CM.CN 2

Mat khéac: CM.CN > 2S5 (3)

Hinh 7
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Két hop (1), (2), (3) suy ra: ? :% (CM + CN)>~/CM.CN>+/2S

hay S>+/2S.r < $2>2S.12 < S > 2r2 Vay S nho nhét bang 2r2 khi CM = CN.
Tam giac CMN can dinh C ¢6 CO la phéan giac nén CO L MN.

Két luan: Puong thing MN L CO tai O thi ACMN c6 dién tich nho nhat.
Binh lugn: Co thé dién dat két qua bai toadn trén dudi dang sau: Cho diém O thudc
tia phan giac cua goc C, mot dudng thang bat ki di qua O cét hai canh cua goc C
tai M va N. Tam giac CMN c6 dién tich nhé nhat khi va chi khi CO 1a duong cao
cua tam giac.

Céach khac: Cho diém O thudc tia phan giac cta goc C, mot dudng thang bat
ki di qua O cat hai canh cua goc C tai M va N. Tam giac CMN c¢6 dién tich nho
nhat khi va chi khi CO 1a trung tuyén ctia tam giac.

Ta con c6 két qua manh hon bang cach bo diéu kién O thudc tia phan giac
gdc C: Cho diém O nim trong goc C, mot duong thang bat ki di qua O cét hai canh
ctia goc C tai M va N. Tam giac CMN c6 dién tich nho nhat khi va chi khi CO 1a
trung tuyén ciia tam gidc. Dud6i day 1a hai cach giai bai toan nay:

Cach 1: Xét ACMN nhan CO la trung tuyén va A CDE c6 DE di qua O nhung
OD < OE (nhu hinh v& 7.1). Ly I trén doan OE sao cho OI = OD.
Tacd: AODM = AOQIN (c.g.c)

=> Sopm = SoiN <> Scmn < ScoE.
Céch 2: Qua O ké cac dudng thang song
song v&i cac canh cua goc C, tao thanh

hinh binh hanh OHCK (nhu hinh vé 7.2).

Theo két qua Bai 6, ta co:
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SoHck < 5 Scmn

< Scmn = 2SoHck.
Do goc C va diém O c¢b dinh nén

SOHCK khéng dé)i.

M

<

Vi vay min Semn = 2Somck, khi O 1a ©
trung diém ctia MN.

bé dung diém M, ta chi can léy M sao

cho H 1a trung diém ctia CM

Bai 9: Cho AABC, O la diém tuy ¥ trong tam gidc. AO, BO, CO kéo dai cit cac

BO CO

canh ddi dién thir tu tai M, N, P. Ching minh : AOQ
Gidi
Theo dinh 1y Xe-va, ta cé :
MO NO PO _
MA "NB T PC 1 (1)

oM onTopz26 -

Ap dung két qua bai toan gdc véi trudng hop riéng

thor 2, taco :

MA NB PO. MO NO PO
(Mo Nno T e vatnB TP 29 (@

MA 4 NB 4 PO 59

MO NO PC —

MO+AOQO 4 NO+BO 4 OP+CO
MO NO OP
AO BO CO AO

Két hop (1) va (2) suy ra :

>9

M

BO CO

MO NOo TP oPrZ 9 < MotNoTop 2t

MO _NO _ PO

Déu bang xdy ra khi va chi khi

MO NO _PO _1

MA _NB _pc M

MO  NO PO _
MA " NB  PC ~

Nén 5 < Mlatrong tam A ABC.

MA  NB PC 3

Bai 10 : Cho A ABC ndi tiép trong dudng tron (O). Ba chiéu cao AA’, BB’, CC’

AA°

BB’ CC _ 9

thir ti cat (O) tai A1, By, C1. Chitng minh rang AR
1

+

v

BB, | CC;

N

(=

1
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Giai
Goi H 1a tryc tdm AABC Dé& thiy A’H =
A’A;, BH=BB;, CH=CC,
Theo bai toan gbc, ta c6 :

(AA’ N BB’ N CC’) (AA1 N BB: N CCy
AA; BB; CC/"AA” BB CC

*)
AA: BB: CCi_ . AH BH
Xt "By Tce -3t an T BR

)>9

CH
cC

A'H B'H CH_

Mat khac, theo dinh 1i Xé-va : AN + BB’ + o 1

Nén: ﬁﬁf+gg}+ggf:3+1:4
N
D4u bang xay ra < AA; BB, _CG o 1+ AAL _ 1+ B'By _ 1+ CC

AA’ BB CC AA> T BB T CC

A'H BH CH
< AA’ BB’ CC’

< Hlatrong tdm cia A ABC.

< AABC latam giac déu.
Bai 11 : Cho tam gidc ABC noi tiép trong duong tron (O). Ba trung tuyén AA’,
BB’, CC’ lan luot cat (O) tai A1, By, C1. Chitng minh rang :
AA” BB’ CC 9
< = *
AA; BB CC,~ 4 ®)

Giai

Pit AB=c, AC=b,BC=a.
Vi tir giac ABA;C ndi tiép (O), AA; cat

2
BC tai A’ nén: AA’.A’A; = A’B.A’C = az

=> AA’. AA1 = AA’.(AA’ + A’A))
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2
— AAZ+ AA’A’AL = AA2 + az A

Ma AA’ 13 trung tuyén ctia A ABC nén:

b2+C2 a2
22 — =
AAT = 2 4
Suy ra: AATAA, = 25
uy ra. . 1= 2 B
' -
A
Ta co:
AA’ _~ AA? 1 2b%+2c?-a? _ 1. a’ 1)
AA:1  AA’AA; 2 b2 T T b%c?

Hoan toan tuong tu, ta cling ching minh dugc:

BB’ _ b2 . CC _ c?
BBl =1- a2+02 (2) va Ccl =1- a2+b2 (3)

Két hop (1), (2), va (3) thi :

1, @ b? c? 9
(*) < 3- 2 ( D2+C2 | a24C2 | a+p2 ) < 4
O
< p24c? at+c? T at+bh? < 2
2 2 CZ 9
< Mt it @ M 22

1 1
S2@ 0+ ) (et piet pe) > 9

1 1
< [ (b% + c?)+(a%+ c?) + (a% + b?)].( b2+ 2 + a2+02 a2+b2 )= 9 (*%)

RS rang (**) dung vai bai toan gde néu ¢ trén. Do d6 (*) dung.

Dau bang trong (*) xdy ra khi va chi khia=b =c, tic 1a A ABC déu.
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Bai 12: Cho tam giac ABC. V& ba phan giac AA’, BB’, CC’. Goi ai, b1, €1 twong

mg 1a cac khoang cach tir A’ &én AB, B’ &én BC, C’ dén CA. Goi hg, hy, he tuong

g 1a ba chiéu cao cta tam giac ké tir A, B, C. Chimg minh rang:

a, by o3

ha ho  heo 2
Gidi
Ké AH L BCvaA’K 1L AB A
Theo d6, AH = hs, A’K = aj.
Trong AABA’ ¢6:
BA’.h;= AB.a; = c.a;
] K
Suy ra: BA' & (1)
c ha m
B H Al C
Mait khéc, do AA’ 1a phan gidc cia A ABC,
nan BA’ _c BA” ¢
' AC b BATAC  btc
, _ ac
= BA’ = bic (2)
Thay (2) vao (1) ta duoc:
a_ _a
ha - be ®)
Hoan toan tuong tu, ta co:
by _ b ; € __C
hy, c+a ) va he a+b )

Cong timg vé cta (3), (4), (5), ta dugc:

ha h, he b+c c+a atb

3
=)
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KET QUA CUA DE TAI
&L

Trong qua trinh day hoc, viéc st dung dé tai " Si dung bit ding
thive C6 - si trong gidi toan THCS" d3 mang lai mot sd két qua sau:

- Hoc sinh rat himg thu, khong con sg bat dang thic nhung lac méi tiép

- Hoc sinh budc dau van dung bat dang thirc C6 - si vao giai cac dang toan
don gian nhu: chimg minh bat déng thirc don gian; tim cuc tri dai $6.

- Hoc sinh c6 duoc cac ki thudt co ban sir dung bat dang thire Co-si va it
méc sai 1am khi van dung.

- Hoc sinh giéi van dung tot bat dang thirc Co-si trong céc ky thi hoc sinh

gi161, thi vao truong chuyén 16p chon, thi vao 16p 10 THPT.
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KET LUAN

&[5

Dé tai " Sit dung bét ding thive Cé - si trong gidi todan THCS" budc dau da
dat dugc mot s6 muc dich cua nguoi viét: gi61 thi€u mat $6 k¥ thuat stir dung va
tmg dung cta bat dang thirc Co-si trong giai toan THCS.

Chiing ta déu biét vai trd quan trong ctia bat dang thirc ndi chung va bat dang
thirec Co-si trong toan hoc hién nay. Vai tro nay vdi hoc sinh gioi toan, hoc sinh
chuyén toan lai cang quan trong. N6 giup hoc sinh c6 nhiing kién thirc nén vé bat
dang thuc, tir 6 cac em c6 thé phat trién thém tu duy vé ching minh, st dung bét
dang thuc trong viée giai cac dang toan tir don gian dén phirc tap.

Tuy nhién véi goc nhin ciia ca nhan, dé tai kho tranh khoi cac sai sot. Dic
biét 1a cac k¥ thuat str dung bat dang thirc Co-si chua ddy du, hé thong bai tip chua
phong phti va hay. Ngudi viét rat mong mudn nhan dugc cac y kién dong gop dé

dé tai duoc hoan thién hon.

Moi v kién déng gép vui long lién hé:

Nguyén Cao Cuong
Truong THCS Théi Thinh - Quan Bdng Pa — Thanh Phé Ha Noi

Dia chi: 131 A - Phé Théi Thinh — Quan Pbng Pa — Thanh Phé Ha Nbi

Email: nguyencaocuong.hanoi@gmail.com
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TAI LIEU THAM KHAO

F o RAIPV

1. Ha Vin Chuong - 838 bai toan bét ding thirc — NXB PHQG TPHCM.

2. Nguyén Péc Tan — Chuyén dé bat dang thic va Gmg dung trong dai sb
(THCS) — NXB Giao duc

3. Tran Phuong - Cac phuong phap ching minh BPT - NXB TPHCM
4. Tran Phuong — Nhiing sai 1am thuong gap khi giai toan.

5. Nguyén Vii Thanh — Chuyén dé bdi dudng hoc sinh gioi toan THCS : Pai S6
- NXB Giao duc.

6. Pham Quédc Phong — Nang cao dai s6 - NXB Gido duc.

7. Nguyén Vin Mau -Giai phuong trinh vo ti bang phuong phap khong miu
muc — NXB Giao duc.
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